In this paper we report on generalized Lorenz models. Five-and six-dimensional Lorenz models are investigated, which are obtained by considering respectively two and three additional Fourier modes in addition to the modes included in the derivation of the classical three-dimensional Lorenz model. Parameter planes, bifurcation diagrams, and attractors in the phase-space are used, in order to investigate the influence of the additional Fourier modes on solutions, when compared with the solutions for the classical Lorenz model. It is shown that for parameters σ and b kept fixed, a larger parameter r results for the onset of chaos in five-and six-dimensional Lorenz models. Also it is shown that the shape of bifurcation diagrams, periodic, and chaotic attractors is preserved in both generalized Lorenz models. Additionally, it is shown that hyperchaos is observed only in the six-dimensional Lorenz model, at least in the parameter ranges here investigated.
Introduction
The classical Lorenz system is a mathematical model for a two-dimensional Rayleigh-Bénard thermal convection of a fluid, which is contained between two plates placed in a direction perpendicular to the Earth's gravitational force, heated from below and cooled from above. A very didactical discussion concerning the physical meaning of the dynamical variables x, y, z, and parameters b, r, σ, can be seen in Dullin and co-workers [3] . Our aim in this section is to report a very brief review of the three-dimensional Lorenz model (3LM), from the viewpoint of three different parameter planes, namely (r, σ), (r, b), and (σ, b). Parameter plane diagrams are important because they may be interpreted as cross sections of a n-dimensional parameter-space of a system with more than two control parameters. Such diagrams allow us to observe regular (periodic or quasiperiodic) and chaotic orbits on continuous sets of parameters. This knowledge of the organization of chaos and regularity in parameter planes may be useful to choose suitable paths in the parameter-space. For instance, by making appropriate modifications in parameters, we can travel over domains where the system is always chaotic, which is interesting for practical applications involving for example chaos control, chaotic secure communication and chaotic synchronization. Parameter planes of different continuous-time nonlinear mathematical models has been the subject of several recent publications. Some few examples consider the Rössler oscillator [4] , a chemical oscillator [5] , electronic circuits [5] [6] [7] [8] , semiconductor lasers [9] [10] [11] , a Hopfield neural network [12] , an ecological model [13] , a tumor growth model [14] , a damped-forced oscillator [15] , a driven Josephson junction [16] , the time evolution of finite-amplitude gravity waves in a rotating atmosphere [17] , a non-ideal Duffing oscillator [18] , a controlled Lorenz system [19] , a radio-physical oscillator [20] , and a Van der Pol-Duffing oscillator [21] .
Therefore, a parameter plane of the 3LM, a cross section of their three-dimensional (b, r, σ) parameterspace, is a diagram that shows regions of different dynamical behaviors, namely equilibrium point, chaos, and regularity, depending on parameters. There is more than one way to characterize the dynamical behavior of each point in a parameter plane. Here we use numerical estimates of the Lyapunov exponents spectrum obtained by figure 1(c) , with r=100.
using the algorithm presented in Wolf and co-workers [22] , and in the specific case of the 3LM only the largest Lyapunov exponent (LLE) is considered. Our understanding regarding the interpretation of the value of the LLE (positive, negative, or zero) is based on the work by Wolf and co-workers [22] , although we know that a negative LLE does not indicate, in general, stability, as well as a positive LLE does not indicate, in general, instability [23] . Hence, a negative LLE is related with an equilibrium point, a positive LLE corresponds to a chaotic behavior, and a zero LLE means periodicity (or quasiperiodicity, when the second LLE also is null).
Before we present the three parameter planes for the 3LM, we explain in the following how these diagrams are obtained. Regardless of which are the two considered parameters in the diagram, is considered the LLE value in each point of a 10 3
×10
3 grid of equally spaced points. Prior to the calculation of each LLE, the Lorenz system(1) is numerically integrated by using a fourth order Runge-Kutta algorithm [24] , with a fixed time step size equal to 10
, being dropped the first 1×10 6 integration steps, regarded as a transient. For the computation of the average involved in the calculation of each one of the 1×10 6 LLE, were considered the subsequent 1×10 6 integration steps.
Integration of equations (1) was performed always from the initial condition (x 0 , y 0 , z 0 )=(0.1, 0.2, 0.3). Figure 1 shows in (a) the (r, σ) parameter plane for b=8/3, in (b) the (r, b) parameter plane for σ=10, and in (c) the (σ, b) parameter plane for r=100. Similar diagrams have been reported before [3, 25, 26] , even considering other parameters ranges, and even other tools to characterize the dynamical behavior of each point in the respective parameter plane. Color in diagrams of figure 1 is related to the magnitude of the respective LLE. A positive LLE is indicated by a continuously changing yellow to red color, a negative LLE is indicated by a continuously changing white to black color, and the black color itself indicates a zero LLE, according to the scale shown in the column at right side in each diagram. Therefore, regardless of the considered diagram in figure 1 , we can see a large chaotic region, as well as equilibrium point and periodic regions. Embedded in the yellow to red chaotic region we observe periodic stripes in black, the most visible identified with a number that means the period of the respective stripe.
Numbers signifying periods of some stripes in diagrams of figure 1 were obtained from the bifurcation diagrams in figure 2 , which consider 10 3 values of the respective parameter in the horizontal axis. Diagram in figure 2 (a) was constructed by varying σ along the line r=250 in figure 1(a) , that in figure 2(b) considers the . In each diagram of figure 2 is represented the number of local maxima of the variable x, denoted by x m , in one complete trajectory on the phase-space attractor, as a function of the respective parameter. Notice that for each numbered window of periodicity in diagrams of figure 2, there is an associated periodic structure (a stripe) in the related diagram of figure 1. after an adequate transient, while each chaotic trajectory consider 10×10 4 integration steps. We would like to point out that the 3LM is one of the most well-studied systems [27] in the nonlinear dynamics field. Therefore, none of the above results is new. As mentioned before, the principal objective in this work is to compare parameter planes of five-and six-dimensional Lorenz models, with the ones of the original Lorenz model(1). This is the motivation for the presence of figures 1, 2, and 3 in this paper, which is organized as follows. Section 2.1 is dedicated to the five-dimensional Lorenz model (5LM), while the six-dimensional Lorenz model (6LM) is considered in section 2.2. Additionally, the possibility of hyperchaos in the two generalized Lorenz systems is investigated in section 2.3. Finally, the paper is summarized in section 3.
Results discussion

The five-dimensional Lorenz model
The 3LM, modeled by equations (1), was obtained by considering three Fourier modes to represent the streamfunction and temperature perturbations in the thermal convection process. The five-dimensional Lorenz model [28] given by 
considers two additional Fourier modes. We can see that two new dynamical variables, v and u, and two new first-order ordinary differential equations are added, when the comparison is made with equations (1). Also added are two new nonlinearities, namely xv inż andu equations and xu in thev equation. Based on the understanding that the origin of chaos is in the nonlinearities, is expected that solutions for system(2) become more chaotic than those solutions for system (1) . We will check this in the continuation. Before that, notice that model(1) can be obtained from model (2), if we neglect the variables v and u. Figure 4 shows in (a) the (r, σ) parameter plane for b=8/3, in (b) the (r, b) parameter plane for σ=10, and in (c) the (σ, b) parameter plane for r=100. All the diagrams in figure 4 are related with the 5LM, and were obtained in an analogous manner as the ones in figure 1 , with an additional initial condition (v 0 , u 0 )=(0.4, 0.5) for the new variables v and u. As before in figure 1 , color in diagrams of figure 4 is related to the magnitude of the LLE. Roughly speaking, the pictures in figure 4 are similar to those in figure 1. However, a closer look allows us to see differences. For example, the area covered by chaos is larger in diagram of figure 4 than in the corresponding diagram of figure 1. Several periodic stripes present in the 3LM are not present in the 5LM. The range of the LLE is increased, as well as their upper limit, except for the case involving the parameters (r, b).
Concerning diagrams (a) and (b) in both figures 1 and 4, it can be seen that a larger r is necessary for the onset of chaos in the 5LM, when a comparison is made with the 3LM. For example, for σ=50 and b=8/3, r=46.08 in the 3LM case, while r=49.18 in the 5LM case, numbers obtained from figures 1(a) and 4(a) , respectively. The give results r=39.29 in the 3LM case, and r=197.52 in the 5LM case. Considering σ as the bifurcation parameter, b=5 and r=100, figures 1(c) and 4(c) give as result σ=5.88 and σ=12.96 for the onset of chaos, respectively in the 3LM and in the 5LM.
All findings reported above are also supported when comparing the bifurcation diagrams in figure 2 , related with the 3LM, with the ones in figure 5 , related with the 5LM. As before in figure 2, diagram in figure 5(a) was constructed by varying σ along the line r=250 in figure 4(a) , diagram in figure 5(b) considers the variation of b along the line r=250 in figure 4(b) , and diagram in figure 5(c) refers to the variation of b along the line σ=45 in figure 4(c) . Again fourth-order Runge-Kutta method with a time step size 10 −4 was used to perform the numerical integrations. By looking at the diagrams labeled with the same letter in figures 2 and 5 we can see that bifurcation diagrams related to the 5LM appear shifted to the right, although they are similar to the ones related to the 3LM. Therefore, regardless of which is the bifurcation parameter considered, the onset of chaos is delayed in the 5LM, when compared with the 3LM. With respect to the shape of the attractors, figure 6 shows three-dimensional projections related to the 5LM. Projections of periodic attractors are shown in figures 6(a), (c), and (e) for which (b, r, σ)=(8/3, 250, 47.5), (b, r, σ)=(1.15, 250, 10), and (b, r, σ)=(3.4, 100, 45), respectively. Each of these sets of parameters locate a point in the more prominent black stripe of each of the diagrams in figure 4 . Projections of chaotic attractors are shown in figures 6(b), (d), and (f). They are corresponding to the points (b, r, σ)=(8/3, 250, 30), (b, r, σ)=(1.6, 250, 10), and (b, r, σ)=(4.4, 100, 45), located respectively in the yellow to red region of the same diagrams in figure 4 . As before in the case of the 3LM, for the construction of each periodic trajectory in figure 6 were considered 20×10 3 integration steps after an adequate transient, while each chaotic trajectory consider 10×10 4 integration steps. By comparing figures 3 and 6, a possible conclusion is that the shape of attractors is preserved, when we pass from the 3LM to the 5LM. 
The six-dimensional Lorenz model
The six-dimensional Lorenz model takes into account an additional Fourier mode, in relation to the 5LM. As a consequence, a new dynamical variable, ω, and a new first-order ordinary differential equation are added, when the comparison is made with equations (2). Also added are two new nonlinearities, namely yv inż and ẇ equations and w x in theu equation. As happened before with model(2), notice that model(1) can be obtained from model (3), if we neglect the variables v, u, and ω. Figure 7 shows in (a) the (r, σ) parameter plane for b=8/3, in (b) the (r, b) parameter plane for σ=10, and in (c) the (σ, b) parameter plane for r=100. Diagrams in figure 7 refer to the 6LM, and were obtained in a similar way as the ones in figure 4 , with an additional initial condition ω 0 =0.6 for the new variable ω. As before in figures 1 and 4 , color in diagrams of figure 7 is related to the magnitude of the LLE. The area covered by chaos is larger in diagrams of figure 7 than in the corresponding diagrams of figures 4 and 1. Again the range of the LLE is increased, as well as their upper limit, except for the case involving the parameters (r, σ). In fact, it is remarkable the wide variation in the magnitude of the LLE for both (r, b) and (σ, b) parameter planes of the 6LM case, as well as their upper limit. Comparing with the 5LM case, the upper limit changed from 5 to 20 and from 6 to 14, respectively. As can be checked in figures 7(b) and (c), higher values to the magnitude of the LLE occur for values of the parameter b close to the unity, namely in the more intense red region. Figure 8 shows bifurcation diagrams related with the 6LM. Diagram in figure 8 (a) was constructed by varying σ along the line r=250 in figure. 7(a) , diagram in figure 8(b) considers the variation of b along the line r=250 in figure 7(b) , and diagram in figure 8(c) refers to the variation of b along the line σ=45 in figure 7(c) . Again fourth-order Runge-Kutta method with a time step size 10 −4 was used to perform the numerical integrations.
Each of the diagrams in figure 8 is similar to the respective in figure 5 , whose diagrams, as we know, are related to 4, 100, 45) , located in the yellow to red region of the same diagrams in figure 7 . As before, for the construction of each periodic trajectory in figure 9 were considered 20×10 3 integration steps after an adequate transient, while each chaotic trajectory consider 10×10 4 integration steps.
Hyperchaos in five-and six-dimensional Lorenz models
In this section we use a method [30, 31] which considers alternative ways to numerically characterize regions with hyperchaotic behavior, in parameter planes of dynamical systems modeled by a set of at least four autonomous first-order nonlinear ordinary differential equations. The way used here takes into account the four (three) LLEs, to construct four (three) parameter plane plots for the 6LM (5LM), one for each of the four (three) Lyapunov exponents. With the understanding of a hyperchaotic system as being a chaotic system with at least two positive Lyapunov exponents, the possibility of hyperchaos with up to four (three) positive Lyapunov exponents can be investigated in system(3) (system (2)). Therefore, in order to investigate the possibility of hyperchaotic regions with different number of positive Lyapunov exponents in parameter planes of the 6LM (5LM) here investigated, are taken into account four (three) complementary diagrams for each pair of parameters. Figure 10 shows five (r, σ) parameter plane diagrams, displaying stability domains for the 5LM in (a), (b), and for the 6LM in (c), (d), (e). Diagrams in figure 10 were constructed by considering the second LLE in figures 10(a) and (c), the third LLE in figures 10(b) and (d), and the fourth LLE in figure 10(e) . It is important to note that the LLE itself was considered in the construction of the diagrams in figures 4(a) and 7(a), respectively for the 5LM and the 6LM.
This work deals with five-and six-dimensional continuous-time dynamical systems, namely the 5LM and the 6LM. Therefore, when the LLE is greater than zero, there is still the possibility of having at most two (three) more positive Lyapunov exponents in the 5LM (6LM) case. As a consequence, can be investigated the occurrence of hyperchaos with two, and three positive Lyapunov exponents for the 5LM, and with two, three, and four positive Lyapunov exponents for the 6LM. For instance, a hyperchaotic region with four positive Lyapunov exponents in the (r, σ) parameter plane of the 6LM, would be associated with a common region colored in yellow to red in figures 7(a), 10(c), (d), and (e), while a hyperchaotic region with three positive Lyapunov exponents in the (r, σ) parameter plane of the 5LM, would be associated with a common region colored in yellow to red in figures 4(a), 10(a), and (b). According to what is said above, a closer look in figures 4(a) and 7(a) and in diagrams of figure 10, supports the conclusion that hyperchaotic behavior is not present in the (r, σ) parameter plane of the 5LM and the 6LM, at least in the investigated range of parameters. Regions painted in yellow to red are not observed in diagrams of figure 10 .
On the other hand, a hyperchaotic region may be observed in both (r, b) and (σ, b) parameters planes of the 6LM. Figure 11 shows these parameter planes, constructed by considering the second LLE in (a) and (d), the third LLE in (b) and (e), and the fourth LLE in (c) and(f). The LLE itself was considered in the construction of the diagrams in figures 7(b) and (c), respectively for (r, b) and (σ, b) parameter planes. By interpreting diagrams in figure 11 , together the ones in figures 7(b) and (c), we conclude that the parameters associated with the yellow to red region in figures 11(a) and (d) characterize the dynamical behavior of the 6LM as hyperchaotic with two positive Lyapunov exponents. It is also possible to conclude that the 6LM does not display hyperchaos with three or four positive Lyapunov exponents. We point out that our investigation of hyperchaos in the 5LM took into account also the other two pairs of parameters not addressed in figure 10, namely (r, b) and (σ, b) . For both pairs of parameters were constructed diagrams similar to that appearing in figure 11 considering the second and the third LLE for the 5LM. Hyperchaotic regions were not observed. Therefore, as we have seen, hyperchaotic regions have not been verified in parameter planes of the 5LM, while have been observed in the (r, b) and (σ, b) parameter planes of the 6LM.
Conclusions and summary
Here we will summarize the conclusions already presented throughout the text, concerning the comparison of the cases involving the 5LM and the 6LM, with the 3LM case. With respect to the parameter planes regions, the area characterized by chaotic behavior is increased when we consider both the generalized Lorenz models. The range of the LLE is increased, as well as their upper limit, except for the case involving the parameters (r, b) for the 5LM, and (r, σ) for the 6LM. A larger r is necessary for the onset of chaos, when this parameter is thought of as the bifurcation parameter. This behavior is repeated when we consider any of the others parameters, namely b and σ, as the bifurcation parameter. The geometric shape of the attractors is preserved, regardless of whether they are In summary, we investigate numerically five-and six-dimensional Lorenz models. Numerical simulations were performed on two-dimensional parameter planes of both systems which are modeled, respectively, by a set of five and six autonomous, three-parameter, first-order nonlinear ordinary differential equations. By comparing with the classical three-dimensional Lorenz model, we show that for σ and b kept fixed a larger r results for the onset of chaos in five-and six-dimensional Lorenz models. The shape of bifurcation diagrams, periodic and chaotic attractors are preserved. We also show that hyperchaos is an observable dynamical behavior in the six-dimensional Lorenz model, and not in the five-dimensional Lorenz model.
